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We study the spin orbit torque arising from an intrinsic linear Dresselhaus spin-orbit coupling in
a single layer III-V diluted magnetic semiconductor. We investigate the transport properties and
spin torque using the linear response theory and we report here : (1) a strong correlation exists
between the angular dependence of the torque and the anisotropy of the Fermi surface; (2) the spin
orbit torque depends nonlinearly on the exchange coupling. Our findings suggest the possibility to
tailor the spin orbit torque magnitude and angular dependence by structural design.
PACS numbers: 72.25.Dc,72.20.My,75.50.Pp
The electrical manipulation of magnetization is cen-
tral to spintronic devices such as high density mag-
netic random access memory,1 for which the spin trans-
fer torque provides an efficient magnetization switch-
ing mechanism.2,3 Beside the conventional spin-transfer
torque, the concept of spin-orbit torque in both metal-
lic systems and diluted magnetic semiconductors (DMS)
has been studied theoretically and experimentally.4–9 In
the presence of a charge current, the spin-orbit coupling
produces an effective magnetic field which generates a
non-equilibrium spin density that in turn exerts a torque
on the magnetization.4–6 Several experiments on magne-
tization switching in strained (Ga,Mn)As have provided
strong indications that such a torque can be induced by
a Dresselhaus-type spin-orbit coupling, achieving criti-
cal switching currents as low as 106 A/cm2.7–9 However,
up to date very few efforts are devoted to the nature of
the spin-orbit torque in such a complex system and its
magnitude and angular dependence remain unaddressed.
In this Letter, we study the spin-orbit torque in a di-
luted magnetic semiconductor submitted to a linear Dres-
selhaus spin-orbit coupling. We highlight two effects that
have not been discussed before. First, a strong correla-
tion exists between the angular dependence of the torque
and the anisotropy of the Fermi surface. Second, the spin
torque depends nonlinearly on the exchange coupling. To
illustrate the flexibility offered by DMS in tailoring the
spin-orbit torque, we compare the torques obtained in
two stereotypical materials, (Ga,Mn)As and (In,Mn)As.
The system under investigation is a uniformly mag-
netized single domain DMS film made of, for example,
(Ga,Mn)As or (In,Mn)As. We assume the system is well
below its critical temperature. An electric field is applied
along the xˆ direction. It is worth pointing out that we
consider here a large-enough system to allow us disregard
any effects arising due to boundaries and confinement.
We use the six-band Kohn-Luttinger Hamiltonian to
describe the band structure of the DMS,9
HKL =
~
2
2m
[
(γ1 +
5
2
γ2)k
2 − 2γ3(k · Jˆ)
2
+2(γ3 − γ2)
∑
i
k2i Jˆ
2
i
]
. (1)
where the phenomenological Luttinger parameters γ1,2,3
determine the band structure and the effective mass of
valence-band holes. γ3 is the anisotropy parameter, Jˆ is
the total angular momentum and k is the wave vector.
The bulk inversion asymmetry allows us to augment the
Kohn-Luttinger Hamiltonian by a strain-induced spin-
orbit coupling of the Dresselhaus type.5,7 We assume the
growth direction of (Ga,Mn)As is directed along the z-
axis, two easy axes are pointed at x and y, respectively.10
In this case, the components of the strain tensor ǫxx and
ǫyy are identical. Consequently, we may have a linear
Dresselhaus spin-orbit coupling7
HDSOC = β(σˆxkx − σˆyky), (2)
given β the coupling constant that is a function of the
axial strain.7,11 σˆx(y) is the 6×6 spin matrix of holes and
kx(y) is the wave vector.
In the DMS systems discussed here, we incorporate
a mean-field like exchange coupling to enable the spin
angular momentum transfer between the hole spin (sˆ =
~σˆ/2) and the localized (d-electron) magnetic moment
Ωˆ of ionized Mn2+ acceptors,12,13
Hex = 2JpdNMnSaΩˆ · sˆ/~ (3)
where Jpd is the antiferromagnetic coupling
constant.13,14 Here Sa = 5/2 is the spin of the ac-
ceptors. The hole spin operator, in the present six-band
model, is a 6 × 6 matrix.13 The concentration of the
ordered local Mn2+ moments NMn = 4x/a
3 is given as
a function of x that defines the doping concentration of
Mn ion. a is the lattice constant. Therefore, the entire
system is described by the total Hamiltonian
Hsys = HKL +Hex +HDSOC. (4)
2In order to calculate the spin torque, we determine the
nonequilibrium spin densities S (of holes) as a linear re-
sponse to an external electric field,5
S = eEx
1
V
∑
n,k
1
~Γn,k
〈vˆ〉〈sˆ〉δ(En,k − EF ). (5)
where vˆ is the velocity operator. In Eq.(5), the scattering
rate of hole carriers by Mn ions is obtained by Fermi’s
golden rule,12
ΓMn
2+
n,k =
2π
~
NMn
∑
n′
∫
dk′
(2π)3
∣∣∣Mk,k′n,n′ ∣∣∣2
× δ(En,k − En′,k′)(1 − cosφk,k′), (6)
where φk,k′ is the angle between two wave vectors k and
k
′. The matrix element Mk,k
′
n,n′ between two eigenstates
(k, n) and (k′, n′) is
Mkk
′
n,n′ =JpdSa〈ψnk|Ωˆ · sˆ|ψn′k′〉
−
e2
ǫ(|k − k′|
2
+ p2)
〈ψnk|ψn′k′〉. (7)
Here ǫ is the dielectric constant of the host semiconduc-
tors and p =
√
e2g/ǫ is the Thomas-Fermi screening wave
vector, where g is the density of states at Fermi level. Fi-
nally, we calculate the field like spin-orbit torque using4
T = JexS × Ωˆ, (8)
where Jex ≡ JpdNMnSa. Throughout this Letter, the
results are given in terms of the torque efficiency T /eE.
The interband transitions, arising from distortions in the
distribution function induced by the applied electric field,
are neglected in our calculation. This implies that the
torque extracted from the present model is expected to
accommodate only a field-like component. The above
protocols based on linear response formalism allow us to
investigate the spin-orbit torque for a wide range of DMS
material parameters.
We plot in Fig.1(a) the spin torque as a function of
the magnetization angle for different values of the band
structure anisotropy parameter γ3. The topology of the
Fermi surface can be modified by a linear combination of
γ2 and γ3: if γ2 = γ3 6= 0, the Fermi surface around the
Γ point is spherical, as shown in Fig.1(c). In this spe-
cial case, the angular dependence of the torque is simply
proportional to cos θ [red curve in Fig.1(a)], as expected
from the symmetry of the k-linear Dresselhaus Hamilto-
nian, Eq. (2)4. When γ3 6= γ2, the Fermi surface deviates
from a sphere [Fig.1(b) and (d)] and, correspondingly, the
angular dependence of the torque deviates from a simple
cos θ function [i.e., curves corresponding to γ3 = 1.0 and
γ3 = 2.93 in Fig.1(a)]. In a comparison to the spherical
case, the maximal value of the torque at θ = 0 is lower
for γ3 6= γ2. As Eq.(5) indicates, in the linear response
treatment formulated here, the magnitude of the spin
torque is determined by the transport scattering time
and the expectation values of spin and velocity opera-
tors of holes. Qualitatively, as the Fermi surface deviates
from a sphere, the expectation value 〈sˆx〉 of the heavy
hole band, contributing the most to the spin torque, is
lowered at θ = 0.
More specifically, as the Fermi surface warps, the an-
gular dependence of the spin torque develops, in addition
to the cos θ envelop function, an oscillation with a period
that is shorter than π. The period of these additional
oscillations increases as the Fermi surface becomes more
anisotropic in k-space, see Fig. 1(b) and (d). To fur-
ther reveal the effect of band warping on spin torque,
we plot Ty/ cos θ as a function of the magnetization an-
gle in inset of Fig.1(a). When γ3 = 2.0 (spherical Fermi
sphere), Ty/ cos θ is a constant, for T ∝ cos θ. When
γ3 = 2.93 or 1.0, the transport scattering time of the
hole carriers starts to develop an oscillating behavior in
θ,15 which eventually contributes to additional angular
dependencies in the spin torque. The angular dependen-
cies in spin-orbit torque shall be detectable by techniques
such as spin-FMR9.
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FIG. 1. (Color online) (a)The y-component of the spin torque
as a function of magnetization direction. Fermi surface inter-
section in the kz = 0 plane for (b)γ3 = 1.0, (c)γ3 = 2.0
and (c)γ3 = 2.93. The red, black, orange and blue contours
stands for majority heavy hole, minority heavy hole, major-
ity light hole and minority light hole band, respectively. In-
set (a) depicts Ty/ cos θ as a function of magnetization di-
rection. The others parameters are (γ1, γ2) = (6.98, 2.0),
Jpd = 55 meV nm
3 and p = 0.2 nm−3.
In Fig.2, we compare the angular dependence of
spin torque (Ty) for both (Ga,Mn)As and (In,Mn)As
which are popular materials in experiments and device
fabrication.16–18 Although (In,Mn)As is, in terms of ex-
change coupling and general magnetic properties, rather
similar to (Ga,Mn)As, the difference in band structures,
lattice constants, and Fermi energies between these two
materials gives rise to different density of states, strains,
and transport scattering rates. For both materials, the
3spin torque decrease monotonically as the angle θ in-
creases from 0 to π/2. Throughout the entire angle range
[0, π], the amplitude of the torque in (In,Mn)As is twice
larger than that in (Ga,Mn)As. We mainly attribute this
to two effects. First of all, the spin-orbit coupling con-
stant β in (In,Mn)As is about twice as larger than that
in (Ga,Mn)As. Second, for the same hole concentration,
the Fermi energy of (In,Mn)As is higher than that of
(Ga,Mn)As.
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FIG. 2. (Color online) Torque Ty as a function of the magneti-
zation direction for (Ga,Mn)As (black square) and (In,Mn)As
(red dots). For (Ga,Mn)As, (γ1, γ2, γ3) = (6.98, 2.0, 2.93);
for (In,Mn)As, (γ1, γ2, γ3) = (20.0, 8.5, 9.2). The strength
of the spin-orbit coupling constant is: for (Ga,Mn)As, β =
1.6 meV nm; for (In,Mn)As, β = 3.3 meV nm.19 The exchange
coupling constant Jpd = 55 meV nm
3 for (Ga,Mn)As20 and
39 meV nm3 for (In,Mn)As.21
In the following, we further demonstrate a counter-
intuitive feature that, in the DMS system considered in
this Letter, the spin orbit torque depends nonlinearly on
the exchange splitting. In Fig. 3(a), Ty component of
the spin torque is plotted as a function of the exchange
coupling Jpd, for different values of β. In the weak ex-
change coupling regime, the electric generation of non
equilibrium spin density dominates, then the leading role
of exchange coupling is defined by its contribution to the
transport scattering rate. We provide a simple qualita-
tive explanation on such a peculiar Jpd dependence. Us-
ing a Born approximation, the scattering rate due to the
p − d interaction is proportional to 1/τJ = bJ
2
pd, where
parameter b is Jpd- independent. When the nonmag-
netic scattering rate 1/τ0 is taken into account, i.e., the
Coulomb interaction part in Eq.(7), the total scattering
time in Eq.(5) can be estimated as
1
~Γ
∝
1
bJ2pd +
1
τ0
, (9)
which contributes to the torque by T ∝ Jpd/(~Γ). This
explains the transition behavior, i.e., increases linearly
then decreases, in the moderate Jpd regime in Fig.3. As
the exchange coupling further increases, Eq.(9) is dom-
inated by the spin-dependent scattering, therefore the
scattering time 1/~Γ ∝ 1/J2pd. Meanwhile, the energy
splitting due to the exchange coupling becomes signifi-
cant, thus 〈sˆ〉 ∝ Jpd. In total, the spin torque is insensi-
tive to Jpd, explaining the flat curve in the large exchange
coupling regime. In Fig. 3(b), we plot the influence of
the exchange coupling on the spin torque for two materi-
als. In (In,Mn)As, mainly due to a larger Fermi energy in
a comparison to (Ga,Mn)As, the peak of the spin torque
shifts towards a larger Jpd. The dependence of the torque
as a function of the exchange in (In,Mn)As is more pro-
nounced than in (Ga,Mn)As, due to a stronger spin-orbit
coupling.
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FIG. 3. (Color online) The Ty component of the spin torque
as a function of exchange coupling Jpd. (a) Ty versus Jpd
at various values of β, for (Ga,Mn)As. (b) Ty versus Jpd,
for both (Ga,Mn)As and (In,Mn)As. The magnetization is
directed along the z-axis (θ = 0). The other parameters are
the same as those in Fig.2.
The possibility to engineer electronic properties by
doping is one of the defining features that make DMS
promising for applications. Here, we focus on the doping
effect which allows the spin torque to vary as a function
of hole carrier concentration. In Fig. 4(a), the torque is
plotted as a function of the hole concentration for differ-
ent β parameters. With the increase of the hole concen-
tration, the torque increases due to an enhanced Fermi
energy. In the weak spin-orbit coupling regime (small β),
the torque as a function of the hole concentration (p) fol-
lows roughly the p1/3 curve as shown in the inset in Fig.
4(a). The spherical Fermi sphere approximation and a
simple parabolic dispersion relation allow for an analyti-
cal expression of the spin torque, i.e., in the leading order
4in β and Jex,
T =
m∗
~
βJex
EF
σD (10)
where m∗ is the effective mass. The Fermi energy EF
and the Drude conductivity are given by
EF =
~
2
2m∗
(3π2p)2/3, σD =
e2τ
m∗
p, (11)
where τ is the transport time. The last two relations im-
mediately give rise to T ∝ p1/3. In the six-band model,
the Fermi surface deviates from a sphere and, as the value
of β increases, the spin-orbit coupling starts to modify
the density of states. Both effects render the torque-
versus-hole concentration curve away from the p1/3 de-
pendence. This effect is illustrated in Fig. 4(b). The
former (strong spin-orbit coupling) clearly deviates from
p1/3, whereas the latter (weak spin-orbit coupling) fol-
lows the expected p1/3 trend.
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FIG. 4. (Color online) The y-component of the spin torque
as a function of hole concentration. (a) The y-component
of the spin torque versus hole concentration at different
β. (b) spin torque versus hole concentration in (Ga,Mn)As
and (In,Mn)As. For (Ga,Mn)As, Jpd = 55 meV nm
3; for
(In,Mn)As, Jpd = 39 meV nm
3. The other parameters are
the same as in Fig.3.
In conclusion, in a DMS system subscribing to a lin-
ear Dresselhaus spin-orbit coupling, we have found that
the angular dependence of the spin-orbit torque has a
strong yet intriguing correlation with the anisotropy of
the Fermi surface. Our study also reveals a nonlinear
dependence of the spin torque on the exchange coupling.
From the perspective of material selection, for an equiv-
alent set of parameters, the critical switching current
needed in (In,Mn)As is expected to be lower than that
in (Ga,Mn)As. The results reported here shed light on
the design and applications of spintronic devices based
on DMS.
Whereas the materials studied in this work have a Zinc-
Blende structure, DMS adopting a wurtzite structure,
such as (Ga,Mn)N, might also be interesting candidates
for spin-orbit torque observation due to their sizable bulk
Rashba spin-orbit coupling. However, these materials
usually present a significant Jahn-Teller distortion that is
large enough to suppress the spin-orbit coupling.22 Fur-
thermore, the formalism developed here applies to sys-
tems possessing delocalized holes and long range Mn-Mn
interactions and is not adapted to the localized holes con-
trolling the magnetism in (Ga,Mn)N.
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